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EXTENDING REPRESENTATIONS OF BRAID
GROUPS TO THE AUTOMORPHISM GROUPS OF
FREE GROUPS
VALERIJ G. BARDAKOV
Abstrat. We onstrut a linear representation of the group IA(Fn)
of IA-automorphisms of a free group Fn, an extension of the Gassner
representation of the pure braid group Pn. Although the problem
of faithfulness of the Gassner representation is still open for n > 3,
we prove that the restrition of our representation to the group of
basis onjugating automorphisms Cbn ontains a non-trivial kernel
even if n = 2. We onstrut also an extensions of the Burau rep-
resentation to the group of onjugating automorphisms Cn. This
representation is not faithful for n > 2.
One of the generalizations of the braid group Bn on the n strings
is the group of onjugating automorphisms Cn. The pure braid group
Pn is a normal subgroup of the group Bn. Similarly, the group of basis
onjugating automorphisms Cbn is normal in the group Cn. In both
ases, the quotient groups Bn/Pn and Cn/Cbn are isomorphi to the
group Sn, the symmetri group of degree n.
A. G. Savushkina [1℄ proved that Cn is a semidiret produt: Cn =
Cbn ⋋ Sn. For the group Bn the similar statement is not true, sine
Bn is torsion-free. The group of basis onjugating automorphisms Cbn
is a subgroup of the group IA(Fn) of the IA-automorphisms of a free
group Fn.
Naturally, the solution of the problem of the linearity of the braid
groups Bn for all n > 2 [2, 3℄ initiated the study of the problem of the
linearity of Cn (as well as an equivalent problem of linearity of Cbn)
[4, Problem 15.9℄ and of a more general problem of the linearity of the
group IA(Fn) [4, Problem 15.10℄.
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One of the possible approahes to solution of these problems is to
try to extend known linear representations of Pn on Cbn (on IA(Fn))
and to try to extend known representations of Bn on Cn. The most
famous linear representation ofBn is the Burau representation [5℄ whih
is faithful for n = 3 and has a non-trivial kernel for all n > 4 [6,
7, 8℄. In the ase when n = 4, it is not known whether the Burau
representation of Bn is faithful. There is a linear representation of
Pn whih is alled the Gassner representation. The problem of the
faithfulness of this representation for n > 3 is still open. Constrution
of both these representations stems from a general onstrution of the
so-alled Magnus representation [9, Ch. 3℄.
In this artile using the Magnus representation we will onstrut a
linear representation IA(Fn) −→ GLn(Z[t
±1
1 , t
±1
2 , . . . , t
±1
n ]), whih is
an extension of the Gassner representation of Pn. Then we an easily
obtain an extension of the Burau representation on Cn. Unfortunately,
the latter representation is not faithful. Moreover, we will show that its
restrition to the group of basis-onjugating automorphisms Cbn has
a non-trivial kernel even if n = 2, and so the extension of the Burau
representation to Cn is not faithful for n > 2.
As we noted above the Burau representation is not faithful for n >
4. However, we apply it to alulate the Alexander polynomials of
knots whih are losures of the orresponding braids. The Alexander
polynomials are one of the most important invariants of the knots.
Similarly, Cn is losely related to the so-alled welded knots and links,
and the linear representations of Cbn and Cn we have onstruted might
be used to determine invariants of the welded links.
Aknowledgements. I would like to thank Vladimir Tolstykh for his
remarks on the rst draft of this paper. Speial thanks goes to the
partiipants of the seminar \Evariste Galois" at Novosibirsk State Uni-
versity for their kind attention to my work.
1. Preliminaries
The braid group Bn, n > 2, with n strings an be dened as the
group generated by n − 1 elements σ1, σ2, ..., σn−1 with the following
dening relations
σiσi+1σi = σi+1σiσi+1, i = 1, 2, ..., n− 2,(1)
σiσj = σjσi, |i− j| > 2.(2)
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There is a homomorphism from the group Bn to the symmetri group
Sn of degree n dened via
ν(σi) = (i, i+ 1), i = 1, 2, . . . , n− 1.
The kernel of the homomorphism ν is the pure braid group Pn. The
group Pn admits a presentation with generators
ai,i+1 = σ
2
i ,
aij = σj−1σj−2 . . . σi+1σ
2
i σ
−1
i+1 . . . σ
−1
j−2σ
−1
j−1, i+ 1 < j 6 n,
and the following dening relations:
a−εik akja
ε
ik = (aijakj)
ε akj (aijakj)
−ε ,
a−εkmakja
ε
km = (akjamj)
ε akj (akjamj)
−ε , m < j,
a−εimakja
ε
im =
[
a−εij , a
−ε
mj
]ε
akj
[
a−εij , a
−ε
mj
]−ε
, i < k < m,
a−εimakja
ε
im = akj , k < i; m < j or m < k,
where ε = ±1.
The subgroup Un generated by a1,n, a2,n, . . . , an−1,n is a free normal
subgroup of Pn. The group Pn is a semidiret produt of Un and Pn−1.
Hene the group Pn is a semi diret produt
Pn = Un ⋋ (Un−1 ⋋ (. . .⋋ (U3 ⋋ U2)) . . .),
where Ui = 〈a1,i, a2,i, . . . , ai−1,i〉, i = 2, 3, . . . , n, is a free group of rank
i− 1.
The braid group Bn an be embedded into the automorphism group
of a free group Fn with a free basis {x1, x2, . . . , xn}. The said embedding
is indued by a map from Bn to Aut(Fn) dened by
σi :
 xi 7−→ xixi+1x
−1
i ,
xi+1 7−→ xi,
xl 7−→ xl l 6= i, i+ 1.
The generator ars of Pn determines the following automorphism of Fn
ars :

xi 7−→ xi if s < i or i < r,
xr 7−→ xrxsxrx
−1
s x
−1
r ,
xi 7−→ [x
−1
r , x
−1
s ]xi[x
−1
r , x
−1
s ]
−1
if r < i < s,
xs 7−→ xrxsx
−1
r .
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By a theorem of Artin [9, Theorem 1.9℄ automorphism β in Aut(Fn)
belongs to (the image of) Bn if and only if β satises the following two
onditions
1) β(xi) = f
−1
i xpi(i)fi, 1 6 i 6 n,
2) β(x1x2 . . . xn) = x1x2 . . . xn,
where pi is a permutation of {1, 2, . . . , n} and fi = fi(x1, x2, . . . , xn) is
a word in the generators of Fn.
An automorphism of Fn is alled a onjugating automorphism if it
satises ondition 1). Let Cn be the group of onjugating automor-
phisms. Evidently, Cbn is normal in Cn and the quotient group Cn/Cbn
is isomorphi to the symmetri group Sn. The elements of the group
Cbn are alled basis-onjugating automorphisms. J. MCool [11℄ proved
that the group Cbn is generated by automorphisms
εij :
{
xi 7−→ x
−1
j xixj , i 6= j,
xl 7−→ xl l 6= i,
i 6 i 6= j 6 n.
Reall (see [12, hapter 1, § 4℄) that IA(Fn) is generated by the
automorphisms εij, 1 6 i 6= j 6 n and the automorphisms
εijk :
{
xi 7−→ xi[xj , xk], if k 6= i, j,
xl 7−→ xl, if l 6= i,
where [a, b] = a−1b−1ab.
2. Fox's derivatives and Magnus representation
Reall the denitions and main properties of Fox's derivatives [9,
Chapter 3; 13, Chapter 7℄.
Let Fn be a free group of rank n with free generators x1, x2, . . . , xn.
If ϕ is any homomorphism dened on Fn, then we use the symbol F
ϕ
n
to denote the image of Fn under ϕ. Consider also the group ring ZFn
of the group Fn over the ring Z of integers.
For every j = 1, 2, . . . , n dene the mapping
∂
∂xj
: ZFn −→ ZFn
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using the following onditions
1)
∂xi
∂xj
=
{
1, if i = j,
0, if i 6= j,
2)
∂x−1i
∂xj
=
{
−x−1i , if i = j,
0, if i 6= j,
,
3)
∂(wv)
∂xj
=
∂w
∂xj
(v)τ + w
∂v
∂xj
, w, v ∈ ZFn,
where τ : ZFn −→ Z is the operation of trivialiazation whih sends all
elements of Fn to the identity,
4)
∂
∂xj
(∑
agg
)
=
∑
ag
∂g
∂xj
, g ∈ Fn, ag ∈ Z.
If we denote the fundamental ideal of ring ZFn (the kernel of the
homomorphism τ) by ∆n, then it is easy to see that for every v ∈ ZFn
the element v − vτ belongs to ∆n. The following formula is true:
v − vτ =
n∑
j=1
∂v
∂xj
(xj − 1);
this formula is alled the \Fundamental formula" of free alulus. In
partiular, we have as a onsequene that {x1 − 1, x2 − 1, . . . , xn − 1}
is a basis of the fundamental ideal ∆n.
We shall need Blanheld's theorem [9, Theorem 3.5℄ whih says that
an element v ∈ Fn lies in the ommutator subgroup [kerϕ, kerϕ] if and
only if
(
∂v
∂xj
)ϕ
= 0 for all j = 1, 2, . . . , n.
Let Aϕ be any subgroup of AutFn whih satisfy the ondition
xϕ = (xα)ϕ
for every x ∈ Fn and for every α ∈ Aϕ. If α ∈ Aϕ, we dene ||α|| to be
the n×m matrix
||α|| =
[(
∂(xαi )
∂xj
)ϕ]n
i,j=1
with entries in ZF ϕn . This mapping denes the Magnus representation
ρ : Aϕ −→ GLn(ZF
ϕ
n ).
Taking as ϕ any homomorphism from Fn onto an innite yli group
〈t〉, that is, assuming that
xϕi = t, i = 1, 2, . . . , n,
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we obtain the Burau representation
ρB : Bn −→ GLn(Z[t
±1])
of the braid group Bn.
Similarly, if ϕ is a homomorphism from Fn onto a free abelian group
An with free generators t1, t2, . . . , tn,
xϕi = ti, i = 1, 2, . . . , n
then the resulting representation is the Gassner representation
ρG : Pn −→ GLn(Z[t
±1
1 , t
±1
2 , . . . , t
±1
n ])
of the group Pn.
3. The onstrution of ρ̂G
It is easy to hek that for every x ∈ Fn and every automorphism
α ∈ IA(Fn) the following equality is true:
xϕ = (xα)ϕ,
where the homomorphism ϕ : Fn −→ An is dened in the end of the
previous setion. Consequently, we an onstrut the Magnus repre-
sentation
ρ : IA(Fn) −→ GLn(R),
where R = Z[t±11 , t
±1
2 , . . . , t
±1
n ]. In order to dene the ation of ρ on
generators of IA(Fn) we should alulate the Fox's derivations.
Lemma 1. The following formulas are true in the group ring ZFn
(where i, j, k are pairwise distint):
∂x
εijk
l
∂xm
= 0, m 6∈ {l, i, j, k},
∂x
εijk
l
∂xl
= 1, l 6∈ {j, k},
∂x
εijk
i
∂xj
= −xix
−1
j + xix
−1
j x
−1
k ,
∂x
εijk
i
∂xk
= −xix
−1
j x
−1
k + xix
−1
j x
−1
k xj .
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We will onsider the matrix ρ(εijk) as an automorphism of a free left
R{module Wn with base e1, e2, . . . , en.
Then the ation of this automorphism (from the right) on the base
vetors is as follows: eiρ(εijk) = ei + tit
−1
j (t
−1
k − 1)ej + tit
−1
k (1− t
−1
j )ek,
elρ(εijk) = el if l 6= i.
In order to onstrut the matries ρ(εij), we will use the following
simple lemma.
Lemma 2. The following formulas are true in the group ring ZFn
(where i, j, l,m are pairwise distint):
∂x
εij
l
∂xm
= 0,
∂x
εij
l
∂xl
= 1,
∂x
εij
i
∂xi
= x−1j ,
∂x
εij
i
∂xj
= x−1j (xi − 1).
∂x
ε−1ij
l
∂xm
= 0,
∂x
ε−1ij
l
∂xl
= 1,
∂x
ε−1ij
i
∂xi
= xj ,
∂x
ε−1ij
i
∂xj
= 1− xjxix
−1
j .
Then the matrix ρ(εij) denes the ation on the base of Wn by the
next formulas: eiρ(εij) = t
−1
j (ti − 1)ej + t
−1
j ei,
elρ(εij) = el if l 6= i.
For the automorphism
ε−1ij :
 xi 7−→ xjxix
−1
j if i 6= j,
xl 7−→ xl if l 6= i,
the matrix ρ(ε−1ij ) is dened by the ation on the base of Wn as follows:
eiρ(ε
−1
ij ) = tjei + (1− ti)ej ,
elρ(ε
−1
ij ) = el if l 6= i.
It is easy to hek that being dened in this way the mapping ρ is a
linear representation of IA(Fn).
Restriting ρ to Cbn, we obtain that
ρ̂G = ρ|Cbn : Cbn −→ GLn(R).
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Theorem 1. The linear representation
ρ̂G : Cbn −→ GLn(R)
is an extensions of the Gassner representation of the pure braid group
Pn.
Proof. The group Pn is a subgroup of Cbn and its generators aij,
1 6 i < j 6 n an be expressed via the (standard) generators of Cbn
in the following way [14, Lemma 4℄:
ai,i+1 = ε
−1
i,i+1ε
−1
i+1,i, i = 1, 2, . . . , n− 1,
aij = εj−1,iεj−2,i . . . εi+1,i(ε
−1
ij ε
−1
ji )ε
−1
i+1,i . . . ε
−1
j−2,iε
−1
j−1,i
= ε−1j−1,jε
−1
j−2,j . . . ε
−1
i+1,j(ε
−1
ij ε
−1
ji )εi+1,j . . . εj−2,jεj−1,j, 2 6 i+ 1 < j 6 n.
Using these formulas we nd the matrix ρ(aij), 1 6 i < j 6 n and
then ompare it with the Gassner matrix from [9, p.118℄.
Let us rst nd the matrix
ρ(ai,i+1) = ρ(ε
−1
i,i+1ε
−1
i+1,i) = ρ(ε
−1
i,i+1)ρ(ε
−1
i+1,i).
We have
eiρ(ε
−1
i,i+1)ρ(ε
−1
i+1,i) = (ti+1ei + (1− ti)ei+1)ρ(ε
−1
i+1,i) =
= (1− ti + titi+1)ei + ti(1− ti)ei+1,
ei+1ρ(ε
−1
i,i+1)ρ(ε
−1
i+1,i) = ei+1ρ(ε
−1
i+1,i) = (1− ti+1)ei + tiei+1,
elρ(ε
−1
i,i+1)ρ(ε
−1
i+1,i) = el if l 6= i, i+ 1.
Next, we have to nd ρ(aij) when j > i + 1. To do this we have to
alulate the matrix ρ(ε−1i,j ε
−1
j,i ):
eiρ(ε
−1
i,j )ρ(ε
−1
j,i ) = (tjei + (1− ti)ej)ρ(ε
−1
j,i ) = (1− ti + titj)ei + ti(1− ti)ej,
ejρ(ε
−1
i,j )ρ(ε
−1
j,i ) = ejρ(ε
−1
j,i ) = (1− tj)ei + tiej ,
elρ(ε
−1
i,j )ρ(ε
−1
j,i ) = el if l 6= i, j.
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The following equalities may be easily to hek:
elρ(ai,j) = el if l < i or l > j,
eiρ(ai,j) = (1− ti + titj)ei + ti(1− ti)ej,
ekρ(ai,j) = (tk − 1)(tj − 1)ei + ek + (tk − 1)(1− ti)ej if i < k < j,
ejρ(ai,j) = (1− tj)ei + tiej .
omparing this matrix with the Gassner matrix, we get the desired
onlusion.
Reall that the group of onjugating automorphisms Cn an be de-
omposed as a semidiret produt Cn = Cbn ⋋ Sn.
As the matrix ρ̂G(εij) depends on t1, t2, . . . , tn, we may set
t1 = t2 = · · · = tn = t,
thereby obtaining the matrix whih we shall denote by ρ̂B(εij). Further,
for eah automorphism from Sn 6 Aut(Fn) we assign the matrix of the
orresponding permutation of the elements of the base Wn. We will
then obtain the representation
ρ̂B : Cn −→ GLn(Z[t
±]).
It is easy to hek that ρ̂ is an extension of the Burau representation
of the braid group Bn.
As Cbn is a subgroup of nite index in Cn, the representation ρ̂B is
faithful if its restrition to Cbn is faithful.
It is well-known that the Burau representation ρB and the Gassner
representations ρG are reduible; however, both these representations
determine some irreduible representations of dimension n−1 [9, Lemma
3.11.1℄.
The following question naturally arises.
Question. Is it true that the presentations ρ̂B and ρ̂G are reduible?
4. Kernel of the representation ρ̂G
In this setion we will show that the representation ρ̂G is not faithful.
We shall prove the following result.
Theorem 2. The representation ρ̂G : Cbn −→ GLn(R) has a non-
trivial kernel for every n > 2.
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The theorem implies that the representation ρ : IA(Fn) −→ GLn(R)
has a non-trivial kernel for every n > 2.
Reall [14℄ that the group of basis{onjugating automorphisms Cbn,
n > 2 an be deomposed as a semidiret produt as follows:
Cbn = Dn−1 ⋋ (Dn−2 ⋋ (. . .⋋ (D2 ⋋D1)) . . .),
where subgroup Di is generated by the elements
εi+1,1, εi+1,2, . . . , εi+1,i, ε1,i+1, ε2,i+1, . . . , εi,i+1.
Moreover, the elements εi+1,1, εi+1,2, . . . , εi+1,i generate a free group of
rank i whih we will denote by Li and the elements ε1,i+1, ε2,i+1, . . . , εi,i+1
generate a free abelian group of rank i whih we will denote by Ai.
Let us show that if j > 3 then the seond ommutator subgroup L′′j
is ontained in the kernel of the representation ρ̂G. Following the on-
strution of the matrix ρ̂G(εij) = ρ(εij), one sees that it dierent from
the identity matrix only in ith row. Let w = w(εi1, εi2, . . . , εi,i−1) be a
redued word over the elements ε±1i1 , ε
±1
i2 , . . . , ε
±1
i,i−1, the free generators
of Li−1. The following lemma desribes how the automorphism w ats
on a generator xi of the free group Fn.
Lemma 3. Let w = w(εi1, εi2, . . . , εi,i−1) be a redued word whih
represents an element of Li−1. Then
xiw(εi1, εi2, . . . , εi,i−1) = x
w∗(x1,x2,...,xi−1)
i ,
where the word w∗(x1, x2, . . . , xi−1) is the reverse word of the word
w(x1, x2, . . . , xi−1), that is the syllables of w
∗
are the syllables of w
written in the reverse order.
Proof. The statement is a onsequene of the following equations
that an be easily veried by indution on the number of syllables of
w (the syllabi length of w):
xiε
p
ik = x
x
p
k
i , xiε
p
ikε
q
il = x
x
q
l
x
p
k
i , 1 6 k 6= l 6 i− 1, p, q ∈ Z,
Obviously, if w = w(εi1, εi2, . . . , εi,i−1) represents an element of the
seond ommutator subgroup L′′i−1, then the word w
∗ = w∗(x1, x2, . . . , xi−1)
represents an element of the seond ommutator subgroup F ′′n .
Assume that w = w(εi1, εi2, . . . , εi,i−1) represents an element of L
′′
i−1.
In order to nd the matrix ρ̂G(w) we have to nd the derivatives
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∂(xiw)
∂xk
, k = 1, 2, . . . , n. Let us hek the following equality:
(
∂(xiw)
∂xk
)ϕ
=
 1, if i = k,
0, otherwise.
The ase when k > i and the ase when the word xiw does not ontain
xk are simple. Suppose that k = i. We have
∂(xiw)
∂xi
=
∂((w∗)−1xiw
∗)
∂xi
.
Using properties of the Fox's derivatives, we obtain that
∂((w∗)−1xiw
∗)
∂xi
=
∂((w∗)−1)
∂xi
+ (w∗)−1
∂(xiw
∗)
∂xi
= −(w∗)−1
∂w∗
∂xi
+ (w∗)−1
(
1 + xi
∂w∗
∂xi
)
.
As w∗ does not ontain xi, the derivatives
∂w∗
∂xi
beome zero and w∗ lies
in the ommutator subgroup F ′n and ϕ takes it to 1, that is, (w
∗)ϕ = 1,
as required.
Let, nally, k < i. Then
∂((w∗)−1xiw
∗)
∂xk
= (w∗)−1(xi − 1)
∂w∗
∂xk
.
Sine kerϕ = F ′n, then by Blanheld's theorem (taking into aount
that w∗ ∈ F ′′n ) we have the equality
(
∂w∗
∂xk
)ϕ
= 0. The statement is
proven.
As a onsequene we have the following fat.
Lemma 4. The representation ρ̂G of Cbn, n > 3, is not faithful,
sine its kernel ontains the subgroups L′′i , i = 2, 3, . . . , n − 1. In par-
tiular, the above onstruted representation ρ̂B of Cn, an extension of
the Burau representation, is not faithful for all n > 3.
Let us demonstrate that atually the representation ρ̂G is not faithful
even if n = 2. In order to prove that, we shall need
Lemma 5. The following formulas
xiw(ε12, ε21) = x
w(x2,x1)
i , i = 1, 2.
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are true in F2 = 〈x1, x2〉. In partiular, if w(ε12, ε21) is in the seond
ommutator subgroup D′′1 , then w(x2, x1) is in the seond ommutator
subgroup F ′′2 .
Proof. Reall that Cb2 = D1 = 〈ε21, ε12〉 ≃ F2 and the automor-
phisms ε12 and ε21 are dened as follows:
ε12 :
{
x1 7−→ x
−1
2 x1x2,
x2 7−→ x2,
ε−121 :
{
x1 7−→ x1,
x2 7−→ x
−1
1 x2x1,
i. e. ε12 indues onjugation by x2 in F2 and ε21 onjugation by x1.
The ation of ε12ε21 on the base x1, x2 is
ε12ε21 :
{
x1 7−→ x
−1
1 x
−1
2 x1x2x1,
x2 7−→ x
−1
1 x2x1,
whih means that xiε12ε21 = x
x2x1
i , i = 1, 2.
If w = w(ε12, ε21) is a redued word over the alphabet {ε
±1
12 , ε
±1
21 },
then using indution on the length of w, we get the following statement.
Lemma 6. The kernel of the representation ρ̂G of Cb2 oinides the
seond ommutator subgroup D′′1 .
Proof. Let us show that if w = w(ε12, ε21) is in D
′′
1 then ρ̂G(w) = 1.
It follows from the denition of the Magnus representation that
ρ̂G(w(ε12, ε21)) =

∂(x1w(ε12, ε21))
∂x1
∂(x1w(ε12, ε21))
∂x2
∂(x2w(ε12, ε21))
∂x1
∂(x2w(ε12, ε21))
∂x2

ϕ
.
Write w1 for w(x2, x1). We alulate the Fox's derivatives:
∂(x1w)
∂x1
=
∂(w−11 x1w1)
∂x1
=
∂(w−11 )
∂x1
+ w−11
∂(x1w1)
∂x1
=
= −w−11
∂w1
∂x1
+ w−11
(
1 + x1
∂w1
∂x1
)
= w−11
(
−
∂w1
∂x1
+ 1 + x1
∂w1
∂x1
)
=
= w−11
(
1 + (x1 − 1)
∂w1
∂x1
)
.
Using the homomorphism ϕ and taking into aount the following for-
mulas
(w−11 )
ϕ = 1,
(
∂w1
∂x1
)ϕ
= 0,
we obtain that (
∂(x1w)
∂x1
)ϕ
= 1.
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Then
∂(x1w)
∂x2
=
∂(w−11 x1w1)
∂x2
=
∂(w−11 )
∂x2
+ w−11
∂(x1w1)
∂x2
=
= −w−11
∂w1
∂x2
+ w−11 x1
∂w1
∂x2
= −w−11 (1− x1)
∂w1
∂x1
.
Sine
(
∂w1
∂x2
)ϕ
= 0, then
(
∂(x1w)
∂x2
)ϕ
= 0. Similarly,
∂(x2w)
∂x1
= −w−11 (1− x2)
∂w1
∂x1
,
∂(x2w)
∂x2
= w−11
(
1 + (x2 − 1)
∂w1
∂x2
)
.
Using the homomorphism ϕ we see that
ρ̂G(w(ε12, ε21)) = 1.
The proof is ompleted.
Now Lemma 4 and Lemma 6 imply Theorem 2. It then follows
that the representations ρ : IA(Fn) −→ GLn(R) and ρ̂B : Cn −→
GLn(Z[t
±1]) are not faithful for all n > 2. Note that the question
about faithfulness of the Gassner representation of Pn, > 4, is still
open.
It is interesting to note that Cb2 is generated by elements ε12 and
ε21 and orresponding matries ρ̂G(ε
−1
12 ) and ρ̂G(ε
−1
21 ) are
ρ̂G(ε
−1
12 ) =

∂(x1ε
−1
12 )
∂x1
∂(x1ε
−1
12 )
∂x2
∂(x2ε
−1
12 )
∂x1
∂(x2ε
−1
12 )
∂x2

ϕ
=
(
t2 1− t1
0 1
)
,
ρ̂G(ε
−1
21 ) =

∂(x1ε
−1
21 )
∂x1
∂(x1ε
−1
21 )
∂x2
∂(x2ε
−1
21 )
∂x1
∂(x2ε
−1
21 )
∂x2

ϕ
=
(
1 0
1− t2 t1
)
.
As we saw in the proof of the last Lemma these matries does not
generate a free group. But the matries(
1 λ
0 1
)
,
(
1 0
µ 1
)
, λ, µ ∈ C, |λ| > 3, |µ| > 3,
generate a group whih is isomorphi to the free group F2.
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